Abstract. Let Γ be a surface group of higher genus. Let ρ 0 : Γ → PGL(V ) be a discrete faithful representation with image contained in the natural embedding of SL(2, R) in PGL(3, R) as a group preserving a point and a disjoint projective line in the projective plane. We prove that such a representation is (G, Y )-Anosov (following the terminology of [16] ), where Y is the frame bundle. More generally, we prove that all the deformations ρ : Γ → PGL(3, R) studied in [1] are (G, Y )-Anosov. As a corollary, we obtain all the main results of [1] , and extend them to any small deformation of ρ 0 , not necessarily preserving a point or a projective line in the projective space: in particular, there is a ρ(Γ)-invariant solid torus Ω in the flag variety. The quotient space ρ(Γ)\Ω is a flag manifold, naturally equipped with two 1-dimensional transversely projective foliations arising from the projections of the flag variety on the projective plane and its dual; if ρ is strongly irreducible, these foliations are not minimal. More precisely, if one of these foliations is minimal, then it is topologically conjugate to the strong stable foliation of a double covering of a geodesic flow, and ρ preserves a point or a projective line in the projective plane. All these results hold for any (G, Y )-Anosov representation which is not quasi-Fuchsian, i.e., does not preserve a strictly convex domain in the projective plane.
Introduction
A flag is a pair (p, d) where p is the point of the projective plane, and d a projective line containing p. The group G = PGL(3, R) of projective transformations of the projective plane acts naturally on the flag variety X, i.e., the space of flags.
Let Γ be the fundamental group of a closed surface Σ of higher genus. In [1] , we considered representations ρ : Γ → G near "horocyclic" representations, i.e., obtained from a faithful discrete representation Γ → H = SL(2, R) composed with the natural morphism identifying H with the commutator subgroup of the stabilizer in G of a point p 0 and a projective line d 0 in the projective plane, with p 0 / ∈ d 0 . Actually, in [1] , we only considered some deformations of horocyclic representations for which p 0 is still a global fixed point: we called these representations hyperbolic representations. We proved that for such a representation, there is a closed ρ(Γ)-invariant simple closed curve Λ in X, and a open ρ(Γ)-invariant domain Ω, both depending on ρ, such that:
-Λ is the image of a 1 to 1 continuous Γ-equivariant map from the projective line RP 1 into X, where the action of Γ on RP 1 is the usual projective action (which is unique up to topological conjugacy).
-The action of ρ(Γ) on Ω is free and properly discontinuous. The quotient space of this action, called M , is a flag manifold (cf. § 2.2). The first tautological foliation (see § 6.1) is topologically conjugate to the strong stable foliation of a double covering of the geodesic flow on Σ. On the other hand, the second tautological foliation is not minimal, except when ρ(Γ) also preserves a projective line.
In the present paper, we extend all these results omitting the assumption that ρ(Γ) admits a global fixed point. The key observation is that horocyclic representations are (G, Y )-Anosov in the terminology of [16] , where Y is the frame variety, i.e., the space of non-collinear points in the projective plane (see § 2.3).
Typical (G, Y )-Anosov representations are hyperconvex, i.e., those preserving a strictly convex domain of the projective plane. S. Choi and W. Goldman proved that every representation ρ : Γ → G which is quasi-Fuchsian, i.e., which can be continuously deformed to a representation taking values in SO 0 (1, 2) ⊂ PGL(3, R), preserves such a strictly convex curve ( [8] ). It follows easily that they are (G, Y )-Anosov, hence, hyperconvex. F. Labourie has extended this result to the higherdimensional case ( [16] ). In [13] , O. Guichard proved that conversely, any hyperconvex representation is quasi-Fuchsian.
Here, we consider general (G, Y )-Anosov representations, not necessarily hyperconvex. Each preserves a limit curve Λ, which is a Hölder continuous simple closed curve (see definition 3.4). In § 3, we establish some general results on this limit curve. In addition, we prove that such a representation always preserves an open domain Ω on which it acts freely and properly discontinuously (Theorem 5.1). We insist here on the low regularity of Λ and of the boundary ∂Ω: when ρ is irreducible and not hyperconvex, then they are not Lipschitz regular (see corollary 7.2). Let's mention here that a similar statement is true in the hyperconvex case: the limit curve is in general C 1 with Hölder derivatives, but if the derivatives are Lipschitz, then ρ(Γ) preserves a conic, i.e., is conjugate in PGL(3, R) to a Fuchsian subgroup.
Our first interest is in non-hyperconvex (G, Y )-Anosov representations: we prove that hyperbolic representations are (G, Y )-Anosov (Theorem 4.2, Lemma 4.5). We actually suspect that non-hyperconvex (G, Y )-Anosov representations form a connected space (see Question 2 in § 8). Observe that they all belong to the same connected component of the space of representations of Γ into G: the component of the trivial representation (corollary 6.6), whereas hyperconvex representations are those in the Hitchin component (see § 2.6, Remark 2.5.2).
For any (G, Y )-Anosov representation ρ, the quotient M = ρ(Γ)\Ω is a natural flag manifold, which we call an Anosov flag manifold. It is therefore naturally equipped with two transversely projective 1-dimensional foliations: the tautological foliations (see § 6.1). When ρ is hyperconvex, M admits three connected components, with well-understood geometrical features (see remark 3.16), and tautological foliations with well-identified dynamical properties (see Remark 6.2): they are either foliations by circles or doubly covered by the geodesic flow on Σ for any hyperbolic metric.
The situation when ρ is not hyperconvex is completely different (cf. § 6.4): the tautological foliations in this case are never foliations by circles or finitely covered by Anosov flows. The correct picture is hard to capture: in some cases, they are topologically conjugate to the horocyclic flow of some Anosov flow (see Proposition 6.4), but this is not true in general. For example, when ρ is strongly irreducible, the tautological foliations are not minimal, in contrast to the horocyclic flow. The dynamical properties of these foliations are quite interesting. We suspect that these tautological foliations never admit periodic orbits (see Question 5 in § 8). If our suspicion is confirmed, it would provide examples of flows with unusual behavior. For example, recall the Seifert Conjecture, asserting that any flow on the three-dimensional sphere admits a periodic orbit. The first smooth counterexamples to this conjecture were found by K. Kuperberg ([14] ). Observe moreover that the tautological foliations considered here can be volume-preserving: for example, this is the case for second tautological foliations associated to hyperbolic radial representations for which the morphism u : Γ → R is trivial (see § 4.2). As far as we know, the only known examples of volume preserving flows on the 3-sphere without periodic orbits have regularity at most C 2 ( [15] , [11] ). As a matter of fact, volume preserving flows on 3-manifolds which are not minimal and without periodic orbits are quite uncommon; hence, it seems to us quite interesting to answer our Question 5. * 3 ). We denote by v | v * the evaluation of an element v * of V * on an element v of V . -Let N (v), N (v * ) denote the norms on V , V * , respectively, for the Euclidean metrics on V , V * in which the canonical basis is orthonormal. -P (V ) and P (V * ) are the associated projective spaces. Elements of P (V ) are denoted [v] .
-The flag variety X is the closed subset of
The group G acts naturally on V and admits a dual (left) action on V * uniquely defined by requiring u | g.v
, we denote by g * the corresponding element of SL(V * ). If SL(V ) and SL(V * ) are identified with SL(3, R) via the canonical basis, g * is the inverse of the transpose of g.
-The diagonal action restricts as a natural action of G on X.
Remark 2.1. Every element of P (V * ) defines a projective line in P (V ) (the projection to P (V ) of its kernel). Dually, every element of P (V * ) corresponds to a projective line in P (V ). Hence, we can consider P (V ) to be the space of projective lines of P (V * ) and P (V * ) to be the space of projective lines of P (V ). The image we have in mind is to view an element of X as a flag, i.e., a point in the projective plane and a projective line containing this point.
In order to formalize this point of view, we introduce the following notation: if K is a subspace of V (resp. of V * ), we denote by K ⊥ its orthogonal, i.e., the subset of V * (resp. of V ) vanishing on K. Hence, for any [v] 
, where K is the 2-dimensional space spanned by u and v. We employ similar notation when [u] , [v] belong to P (V * ).
Remark 2.2. Let P + (respectively P − ) be the subgroup of G containing the upper (respectively lower) triangular matrices (under the identification of G with SL(3, R)). Let X ± be the quotient spaces G/P ± : the map g → 1 ]) induces the identification X − = G/P − ≈ X. These identifications are G-equivariant.
Flag manifolds.
A flag structure is a (G, X)-structure, for (G, X) as above. We briefly present this notion here. For a more complete description of (G, X)-structures, see [19] or [12] . A flag structure on a manifold M is an atlas on M with charts taking values in X and coordinates changes expressed in the charts by restrictions of elements of G. A typical example of a flag structure is the quotient of an open domain Ω of X by a discrete subgroup of G acting freely and properly discontinuously on Ω; in particular, the flag variety X, itself, is an example. Less trivial examples are given in § 2.5.5, § 6.
A flag map between flag manifolds is a map which can be locally expressed in the flag charts by restrictions of elements of G. A flag map is always a local homeomorphism. A flag map which is bijective is called a flag isomorphism. A flag manifold is an isomorphism class of flag structures on the manifold.
Let p : M → M be the universal covering and Γ the fundamental group of M , viewed as the group of covering automorphisms of p. For any flag structure on M , there is a map D : M → X, called the developping map, and a representation ρ : Γ → G, called holonomy representation, such that:
-the maps p and D are flag maps, -D is Γ-equivariant:
The frame variety. Let Y denote the frame variety, i.e., the space of triples
) of noncollinear elements of P (V ). This 6-dimensional space is homogeneous under the diagonal action of G: it can be identified with the right quotient G/Z, where Z is the group of diagonal matrices. The frame variety admits two natural projections π ± on X, defined by (see remark 2.1 for the notation):
These projections are both G-equivariant. Together, they define a map Π : Y → X × X. We denote by Y the image of Π. 
In other words, [u] ). The fibers of the projections π ± are the leaves of G-invariant foliations G ± of X. Let E ± be the tangent bundles to these foliations. We obtain a G-invariant
Remark 2.4. The inclusions Z ⊂ P ± defines canonical maps G/Z → X ± , which, via the identifications X ± ≈ X presented in remark 2.2 and G/Z ≈ Y , are the maps π ± .
2.4.
The geodesic flow as an Anosov flow. Let Σ be a closed surface with negative Euler characteristic, and Γ the fundamental group of Σ. Select a 1 to 1 morphism ı : Γ → H with discrete image, where H denotes the group SL(2, R). This induces a Fuchsian representationī : Γ → H, where H denotes the group PSL(2, R) (observe that conversely, any Fuchsian representation lifts to a representation into H, since the associated Euler class is even).
Consider the flow on H induced by the right action of the 1-parameter group A = {a t }, where:
This flow induces another flow on M = ı(Γ)\H, denoted by Φ t . Its projection
Remark 2.5. This flow divided by 2, i.e., the flow p → Φ t/2 (p), is the familiar geodesic flow associated to the Riemannian surfaceī(Γ)\H 2 ≈ Σ, where H 2 is the hyperbolic plane.
Consider the following 1-parameter subgroups of H:
Denote also by h 
• for any vector v in E uu over a point x of M , and for any negative t:
Stable and unstable leaf spaces. Denote by A ± the group generated by a t and h s ± . It is isomorphic to the group of volume preserving affine transformations of the plane. The orbits on M or M of A + are called stable leaves; the orbits of A − are called unstable leaves. We denote by S ± , S ± the quotient spaces H/A ± , H/A ± . The latter, S ± , are both homeomorphic to the projective line RP 1 , and S ± are double coverings of S ± . Moreover, these identifications are H-equivariant, where the H-action on S ± is the action induced by left translation, and the H-action on RP 1 is the usual projective action.
2.4.2.
The bifoliated orbit space. The map hA → (hA + , hA − ) embeds the orbit space Q = H/a t into the torus S + × S − . More precisely, for fixed H-equivariant identifications S ± ≈ RP 1 , the image of this embedding is the complement in RP 1 × RP 1 of the diagonal ∆. In other words, every A + -orbit x intersects every A − -orbit, except one, which we call α(x). Note that we have defined a continuous Γ-equivariant map α : S + → S − .
We denote by Q the image of Q in S + × S − ; this is the complement of the graph of α : S + → S − . 2.5. Anosov representations. Let ρ : Γ → G be any representation, and let π ρ : E ρ → M be the associated flat (G, Y )-bundle: E ρ is the quotient of H × Y by the relation identifying each (h, y) with (ı(γ)h, ρ(γ).y), for every γ in Γ. The projection (h, y) → h induces a map π ρ from E ρ onto M = ı(Γ)\H, which is a G-bundle, with fiber Y .
The (trivial) foliation of H × Y having as leaves the fibers of (h, y) → y induces a foliation on M , which we denote by F ρ , and call the horizontal foliation. The leaves of F ρ are transverse to the fibers of π ρ .
The flow Φ t lifts uniquely to a horizontal flow Φ t ρ in E ρ , i.e., tangent to the horizontal foliation: just take the flow induced in the quotient by the flow on H × Y defined by (h, y) → (ha t , y). We have defined foliations G ± on Y . They provide two 3-dimensional foliations on H × Y and induce on E ρ two 3-dimensional foliations F ± which are preserved by Φ t ρ and tangent to the fibers of π ρ . We will mainly consider the tangent bundles E ± ρ of these foliations, which are canonically induced by the bundles E ± over Y . The section s appearing in this definition is not assumed to be differentiable, even nor Lipschitz. The maximal regularity which can be required in general is Hölder continuity.
The main interest of Anosov representations is their stability: it follows from the structural stability of Anosov flows (more precisely, of hyperbolic closed sets) that the set of (G, Y )-Anosov representations is an open domain in the space of representations of Γ into G equipped with its natural topology (see proposition 2.1 of [16] ). Observe that the perturbed (G, Y )-Anosov structure covers the same Anosov flow (M, Φ t ). Another important feature of Anosov representations is that they provide nice Γ-invariant geometric objects, obtained as follows:
The section s of a (G, Y )-Anosov structure lifts to a continuous map f :
-f is invariant by the lifted flow: f (ha t ) = f (h). Therefore, f induces a continuous Γ-equivariant map from the orbit space Q = H/A into Y . It follows from the lemma 2.9 that π + • f and π − • f induce maps f + : S + → X and f − : S − → X. Of course, f ± are both Γ-equivariant: their images (which, as we will see, are the same) are Γ-invariant (a priori only immersed) topological circles in the flag variety.
2.5.1. Splitting the definition. Consider the flat X-bundle π X ρ : E ρ (X) → M associated to ρ. The total space E ρ (X) is the quotient of H × X by the Γ-action defined by (h, x) → (γh, ρ(γ)x). The map Π defines a fibered embedding Π ρ : 
Canonical Anosov flag representations.
Here, we consider another family of (G, Y )-Anosov representations, which are not quasi-Fuchsian. They are obtained from an embedding ρ 0 of H = SL(2, R) into a subgroup of G = SL(V ) that admits a global fixed point in P (V ) × P (V * ) \ X. For the fixed point, we select here the pair (e 2 , e * 2 ). The embedding ρ 0 is the representation sending the matrix:
in the identification arising from the canonical basis).
Recall the notation introduced in § 2.1 and 2.3. Observe that ρ 0 (A) is contained in Z, and that every ρ 0 (h s ± ) belongs to P ± . The adjoint action of ρ 0 (a t ) on the Lie algebra sl(V ) of G is diagonalizable, and our choice of ρ 0 ensures that the subspace spanned by eigenvectors with positive eigenvalues (resp. negative) for ad(a t ) is the Lie algebra P + (resp. P − ) of P + (resp. P − ). Their intersection is the Lie algeba of Z. Proof See Appendix A.
Remark 2.12. Of course, we will applyTheorem 2.11 toΓ = ı(Γ). Actually, from the beginning, we could have selected as Γ any discrete cocompact subgroup of H, possibly with torsion, but this level of generality requires a little more caution in the formulation of statements, which we considered unnecessary and slightly uncomfortable. The reader should have no difficulty to extend the results of this paper to this more general context.
Remark 2.14. Henceforth, except in Proposition 6.3, we will drop the symbol ı, considering Γ directly as a discrete subgroup of H.
Invariant curves for canonical Anosov representations. Consider a canonical
Anosov flag representation ρ 0 : Γ → G. According to lemma 2.9, there are two Γ-equivariant maps f ± : S ± → X, coming from a Γ-equivariant map f : H → Y . Here, the map f is defined by: 
The action of ρ 0 (H) on Ω 0 is simply transitive. It provides an identification Ω 0 ≈ H. Therefore, the manifold M = Γ\H is homeomorphic to the quotient of Ω 0 by ρ 0 (Γ). It provides a natural flag structure on M . -The trivial component: this is the component containing the trivial representation.
-Representations in the third component are characterized by the fact that they do not lift to representations from Γ into the double covering P + GL(V ) of G. Canonical Anosov flag representations are not quasi-Fuchsian, and they clearly lift to representations in GL(V ): hence, they belong to the trivial component. It follows immediately that they can be deformed to representations in G which are not canonical! But there are much more elementary ways to prove this statement: any canonical representation ρ 0 can be deformed to a strongly irreducible representation, i.e., with image containing no finite index subgroup stabilizing a point or a projective line in P (V ) (see e.g. Proposition 3.11 of [1] ).
General properties of (G, Y )-Anosov representations
Let ρ : Γ → G be any (G, Y )-Anosov representation. According to Lemma 2.9, there is a G-equivariant map f : H → Y , inducing G-equivariant maps f ± : S ± → X.
Lemma 3.1. For any γ in Γ and any attractive fixed point x of γ in S ± , the image of x by f ± is an attractive (resp, repulsive) fixed point of ρ(γ) in X.
Proof Quite straightforward. See proposition 3.2 of [16] .
Proposition 3.2. The representation ρ is discrete and faithful. For every nontrivial γ in Γ, the image ρ(γ) is loxodromic, i.e., admits three eigenvalues with distinct norms.
Proof Except for the discreteness, the proposition follows immediately from Lemma 3.1, the fact that any non-trivial element of Γ admits an attractive fixed in S + , and the fact that loxodromic elements of SL(V ) are precisely elements admitting an attractive fixed point in X. The discreteness follows by classical arguments. See [16] for more details.
Actually, loxodromic elements of G have one and only one attractive fixed point in X. Since attractive fixed points of elements of γ are dense in S ± , we obtain: Recall that Φ t is a double covering of the geodesic flow: there is a double covering between the associated leaf spaces S ± → S ± . Letτ be the Galois automorphism of this double covering. For any non-trivial element γ of Γ and any attractive fixed point x of γ in S ± , the imageτ (x) is an attractive fixed point of γ. By uniqueness of attractive fixed points in X, and according to Lemma 3.1, we have f ± (x) = f ± (τ (x)). By density of attractive fixed points in S ± , we obtain f ± = f ± •τ . Hence:
Corollary 3.5. The maps f ± induce mapsf ± : S ± → X.
According to § 2.4.2, the orbit space Q can be identified with the complement Q in S + × S − of the graph of a homeomorphism α : S + → S − . The mapsf ± induce a mapF : Q → X × X. Proof Indeed, the mapsf ± arise from a map f : H → Y . Lemma 3.7. We have the identity:
Proof Let x in S + and y in S − \ {α(x)}. Then (x, y) belongs to the open set Q ⊂ S + × S − . The image of (x, y) byF belongs to Y (lemma 3.6). According to Lemma 2.3, we havef − (y) =f + (x). Hence,f + (x) belongs to Λ \f − (S − \ {α(x)}). But Λ \f − (S − \ {α(x)}) is either empty or reduced to {f − (α(x))}. The lemma follows.
In the proof above, we have shown in particular that Λ \f − (S − \ {α(x)}) is not empty. Hence:
The flag manifold X is a closed subset of P (V ) × P (V * ). Let η ± (resp. η * ± ) be the composition off ± with the projection of X on P (V ) (resp. P (V * )).
Lemma 3.9. The maps η ± : S ± → P (V ) and the maps η * ± : S ± → P (V * ) are injective.
Proof We only deal with η + ; the other cases are similar. Let x, x ′ be two elements of S + with the same image by
, which, according to Lemma 3.7, is equal to (f + (x),f + (x ′ )). On one hand, this pair must belong to the image Y of Π. On the other hand, it has the form (
. From the description of the image of Y ⊂ X × X (Lemma 2.3), we obtain a contradiction.
Hence, x = x ′ . The lemma is proved. 
Let (x, y) be the element of S + × S − satisfying:
Since v | v * = 0, the pair (f + (x),f − (y)) does not belong to Y. Therefore, (x, y) cannot belong to Q. We have y = α(x).
According to Lemma 3.7, we havef + (x) =f − (y). Hence, the P (V 
Remark 3.15. Of course, in the canonical case, i.e., when ρ is the restriction of
In this case, we defined Klein bottles T 0 , T * 0 and an open domain Ω 0 (see § 2.5.5). These constructions extend to the general case in the following way: define T (respectively T * ) to be the set of flags
, and let Ω be the complement in X of the union T ∪ T * . According to Lemma 3.11, the limit curve Λ is the intersection T ∩ T * , and the complements of Λ in T , T * are denoted A, A * . 
The last component, in some way, has a lorentzian flavor. Indeed, when ρ is Fuchsian, i.e., when C and C * are ellipses, this last component is canonically identified with the projectivized bundles of timelike vectors of de Sitter space.
Special deformations
In this section, we fix the embedding Γ ⊂ H, i.e., the canonical morphism ρ 0 : Γ → G. The projection of Γ in H is injective; we still denote by Γ the image of this projection. The quotient Γ\H is the surface Σ. Up to the sign, the eigenvalues of γ ∈ H are r(γ), r(γ) −1 ; when γ is non-trivial, we have r(γ) > 1. 
Since the action of a transformation of X is characterized by its projective action on P (V ), we see that, via the identification Ω 0 ≈ H we have selected, the action of ϕ t on Ω 0 coincides with the right action of a t on H. Hence, the flow on ρ 0 (Γ)\Ω 0 induced by ϕ t is conjugate to the flow (M, Φ t ).
Linear deformations.
Let u : Γ → R be any morphism. The canonical morphism can be deformed to a new morphism, called the u-deformation:
The morphism u is an element of H 1 (Γ, R). On this cohomology space, with ρ 0 : Γ → H fixed, we can define the stable norm (cf. [4] ) as follows: for any hyperbolic element γ of Γ, let t(γ) be the double of the logarithm of r(γ) (this is the length of the closed geodesic associated to Γ in the quotient of the Poincaré disc by Γ). For any elementγ of H 1 (Γ, Z), and for any positive integer n, let t n (γ) be the infimum of the values t(γ) n where γ describes all the elements of Γ representing nγ. The limit of t n (γ) exists; it is the stable norm ofγ in H 1 (Γ, Z). This norm is extended in a unique way on all H 1 (Γ, R); the dual of it is the stable norm of The inverse statement, i.e., the fact that ρ u is (G, Y )-Anosov if |u| s < 1/2, is proved in Appendix A. Remark 4.3. As the proof above shows, the limit curve Λ of ρ u , when |u| s < 1/2, is the limit curve Λ 0 of ρ 0 . It does not depend on the inclusion Γ ⊂ H.
4.2.
Deformations with L 0 remaining constant. Consider morphisms ρ : Γ → G of the form:
where:
is a Fuchsian representation taking value in SL(2, R),
i.e., is injective, with discrete image.
-u : Γ → R is a morphism. Such a representation is called a radial representation. When u has stable norm (relatively to ρ λ ) strictly less than 1/2, ρ is called a hyperbolic representation. In this case, [e 2 ] is a fixed point of saddle type of every non-trivial ρ(γ). In [1] , the action of Γ on P (V ) induced by such a representation is called a hyperbolic action.
One of the main results of [1] is: Proof A proper subspace of V is a line or a 2-plane: replacing ρ by ρ * if necessary, we can assume that the subspace preserved by a finite index subgroup of ρ(Γ) is a line. After conjugacy in G, we can assume moreover that this invariant line is spanned by e 2 . Let Γ ′ ⊂ Γ be the finite index subgroup such that ρ(Γ ′ ) fixes [e 2 ]. The restriction ρ ′ of ρ to Γ ′ is still (G, Y )-Anosov, and its limit curve Λ ′ is the limit curve Λ of ρ.
According to Proposition 3.2, ρ ′ is faithful, with discrete image. It follows that ρ ′ is a radial representation, described as above by a Fuchsian representation ρ Therefore, in this section, we don't consider this particular case. By Proposition 4.8, it means that we assume that no proper subspace of V is ρ(Γ)-invariant, i.e., that ρ is strongly irreducible.
In Appendix B, we show how the proof developed here can be adapted to the reducible case, achieving a complete proof of Theorem 5.1. Our task is to prove that the action is proper. Since ρ(Γ) is discrete, it amounts to proving that there is no sequence (γ n ) (n∈N) in Γ for which there is a sequence of flags ([u n ], [u * n ]) (n∈N) in Ω satisfying: (1) the sequence ρ(γ n ) (n∈N) escapes from any compact of G,
We argue by contradiction, assuming the existence of such a sequence. We denote g n = ρ(γ n ).
Remember that we equip V , V * with the euclidean metrics N , N * for which ( Consider the Cartan decompositions of g n , g * n according to the canonical basis:
where k n , l n are isometries of N , and λ n ≥ µ n ≥ ν n , with λ n µ n ν n = 1. 
Since the actions of g n andḡ n on P (V ) coincide, as for the actions of g * n andḡ * n on P (V * ), we obtain:
Similarly, the sequence (ḡ * n ) (n∈N) converge uniformly on compact subsets of P (V * ) \ [K * ] to the restriction ofḡ.
Remark 5.4. The image of the restriction ofḡ to P (V ) \ [K] is [I]
, and the image of the restriction ofḡ
Actually, since the norm of g n tends to +∞, we see that, fork andl denoting the limits ofk n andl n , the matricesḡ andḡ ; this amounts to replacing the γ n by their inverses, i.e., to replacing g n and g * n . Let h n , h * n be these inverses:
Their limits for n → +∞ are: Proof Assume that one of them, let's sayμ, is non-zero. Then, K is the line spanned byl(e 3 ). The inclusion K ⊥ ⊂ K * shows that K * has dimension 2. Hence, I * is 1-dimensional. Therefore, the inclusions are all identities: Proof According to Lemma 5.5, the limit in A of theh n (i.e., the h n divided by their norms) is:h =l   0 0 0 0 0 0 0 0ν
Hence, the image ofh is spanned byle 3 . On the other hand, the kernel K * ofḡ * is the 2-plane generated byl(e * 1 ) andl(e * 2 ). Therefore, K ⊥ * is the line spanned bȳ le 3 , i.e., the image ofh. Applying Lemma 5.6 toh, we get that [K , dividing a strictly convex domain C of P (V ). In this case, we recover the well-known properness of the action on the projectivized tangent bundle of C. But we also obtain the properness of the action on "timelike directions" over the "de Sitter-like" component P (V ) \ C. 
Tautological foliations.
The fibers of the projections X → P (V ), P (V * ) are leaves of foliations by circles on X. They are preserved by G; therefore, they induce two 1-dimensional foliations on any flag manifold. The foliation corresponding to the projection X → P (V ) is called the first tautological foliation. The other one, corresponding to the projection X → P (V * ), is called the second tautological foliation. Observe that these foliations are both transversely real projective. We have thus defined a ρ(Γ)-equivariant map from Ω 3 into Ω 1 . It is easy to show that it is a homeomorphism, and that it sends the first tautological foliation of Ω 3 onto the second tautological foliation of Ω 1 .
A similar treatment can be applied to the second tautological foliation on Ω 3 , leading to the following statement: the tautological foliations of M 3 = ρ(Γ)\Ω 3 are both topologically conjugate to the geodesic flow of any hyperbolic metric on the surface Σ quotiented by the antipodal map in the fibers. We recall that in the case of canonical Goldman flag manifolds, the flow ϕ t induces an Anosov flow on the associated canonical flag manifold. More precisely, this flow is a double covering of a Desarguian Anosov flow as defined in [10] , [2] . The tautological foliations are then the strong stable and unstable foliations. See [1] for more details. For our purpose here, it is more suitable to drop the identification G = PGL(V ) ≈ SL(V ), and to consider u-deformations as morphisms λ : Γ → GL 2 , where GL 2 is the group of invertible 2×2 matrices, identified with the
⊥ ]:
The group GL 2 preserves the annulus
(there is also a dual action on the annulus
). The minimality and unique ergodicity of horocyclic flows ( [6] ) imply that the λ(Γ)-action on A can is minimal and uniquely ergodic: up to a positive factor, there is one and only Borel measure on A can preserved by λ(Γ). Proof This is a folkloric fact, but we don't know any appropriate reference.
One of the implication is clear. Let's prove the inverse statement: let f : A can → A can be a homeomorphism conjugating the actions of Γ on A can via λ 1 , λ 2 , respectively. Clearly, f extends to a homeomorphism f :
t as a group of projective transformations of A can . For any nontrivial γ in Γ, [e 2 ] is saddle fixed point of λ 1 (γ) and λ 2 (γ), and the λ 1 (γ)-or λ 2 (γ)-stable leaf of [e 2 ] is the union of two orbits of ϕ t , with [e 2 ] itself. Moreover, when γ is varying, these stable leaves form a dense subset among the orbits of ϕ t . It follows that f sends ϕ t -orbits on ϕ t -orbits. Hence, there is a continuous fonction α : R × A can → R such that:
For a fixed t, since ϕ t commutes with the Γ-actions,
Since the action of λ 1 (Γ) on the annulus is minimal, it follows that α depends only on t. Since f −1 • ϕ t • f is a one-parameter subgroup of G, α : R → R is a morphism: there is a positive constant C such that α(t) = Ct.
For some non-trivial γ in Γ, and for j = 1, 2, denote by ±e aj(γ) , ±e bj(γ) the eigenvalues = 1 of λ j (γ), with b < 0 < a. Then, the λ j (γ)-stable leaf of [e 2 ] is the fixed point set of λ 1 (γ)ϕ −b1(γ) . Its image by f is the fixed point set of λ 2 (γ)ϕ −Cb1(γ) . It follows that b 2 (γ) = Cb 1 (γ). Similarly, a 2 (γ) = Ca 1 (γ). Consider the projections of λ j (γ)(Γ) in PSL(2, R) = H. They are Fuchsian subgroups, corresponding to metrics g 1 , g 2 on the surface Σ with constant curvature −1. Then, a 2 (γ) = Ca 1 (γ) and b 2 (γ) = Cb 1 (γ) imply that the g 2 -length of a closed geodesic c is C times the g 1 -length of the closed geodesic freely homotopic to c. This is possible only if C = 1 (see for example [9] ; on page 137, end of "Exposé 7", it is proved that the hypothesis (H) on page 136, i.e., the claim C = 1, is impossible).
Therefore, if Tr denotes the trace function on the algebra gl 2 of 2 × 2 matrices:
It is well-known that this implies that λ 1 and λ 2 are conjugate in GL 2 . Let's recall the argument: since λ j are irreducible representations, every element g of gl 2 can be (non-uniquely) written as a sum i η i λ j (γ i ).
For every g in gl 2 , select such a decomposition
Since this holds for every g ′ , and since g ′ → Tr(g 0 g ′ ) can be zero only if g 0 = 0, we obtain that 0 = i η i λ 2 (γ i ). As a corollary, φ is well-defined. This map φ is obviously an algebra automorphism of gl 2 ; but such an automorphism is known to be an inner automorphism. Moreover, φ • λ 1 = λ 2 . The proposition follows.
6.3. Goldman manifolds. Consider a u-linear deformation ρ of a canonical Anosov flag representation ρ 0 . Here, we consider that the representations Γ → GL 2 associated to ρ and ρ 0 are the same, i.e., in the notation of the beginning of § 4.2, ρ 0 (γ) = e u(γ) ρ λ .
Proposition 6.4. The actions of ρ(Γ) and ρ 0 (Γ) on P (V ) are topologically conjugate.
Proof We reproduce the short proof in [1] : there is a (Hölder) continuous and homogeneous degree one map δ : R 2 → R such that [xe 1 + ye 3 + ze 2 ] belongs to the invariant curve L if and only if z = δ(x, y). The ρ(γ)-invariance of L implies:
. It follows immediately that (x, y, z) → (x, y, z + δ(x, y)) induces on P (V ) the required topological conjugacy between ρ 0 (Γ) and ρ(Γ).
This proposition implies Theorem 5.1 of [1] : the first tautological foliations associated to ρ, ρ 0 are topologically conjugate. It follows also that the action of ρ(Γ)
) is minimal and uniquely ergodic.
6.4. Non hyperconvex Anosov flag manifolds. Anosov flag manifolds with hyperconvex (i.e., quasi-Fuchsian) representations are fairly well understood (see remarks 3.16, 5.8) . From now, we exclude this case.
Proof If L is a projective line, the lemma is obvious. Assume that L * is a projective line, i.e., that ρ is a hyperbolic representation: consider an affine domain
such that the intersection with U of projective lines in L * are vertical lines { * } × R. Then, according to corollary 3.12, L ∩ U is the graph of a continuous map from R into R. Then, the lemma becomes obvious.
We are left with the case where L, L * are not projective lines, i.e., the strongly irreducible case (cf. proposition 4.8). Let S(V ) be the N -sphere of V : the radial projection Π S : S(V ) → P (V ) is the double covering, with covering automorphisms ±id. The group SL(V ) acts naturally on S(V ): consider the sphere S(V ) as the space of half-lines in V .
The limit curve L is a simple closed curve. There are two cases:
is the union of two connected simple closed curvesL + ,L − . In the first case, the lemma follows from Jordan's Theorem, and the (−id)-invariance ofL. Hence, the proof of the lemma amounts to excluding the second case, more precisely, to proving that in the second case, ρ is hyperconvex.
The antipody −id exchangesL + andL − . For any element γ of Γ, there is one and only one way to lift ρ(γ) to an elementρ(γ) of SL(V ) preservingL + . It provides a representationρ : Γ → SL(V ).
For any [u * ] in L * , according to corollary 3.12, the kernel of u * ∈ V * intersectŝ L + ∪L − in two points, one opposite the other. SinceL − = −L + , the kernel of u * intersectsL + in one and only one point u([u * ]) ofL + : hence, the sign of u * on L + \ {u([u * ])} is constant. Select u * ∈ S(V * ) so that this sign is positive. This process defines a way to simultaneously lift L and L * in V , V * to closed subsetsL + ,L * + such that for any (u, v * ) inL + ×L * + we have u | v * ≥ 0. In the terminology of [5] , this means that Λ is a positive subset of X. According to proposition 1.2 of [5] , since ρ is strongly irreducible, ρ(Γ) preserves a strictly convex domain of P (V ), meaning precisely that ρ is hyperconvex, a contradiction. Proof According to [13] , a non-hyperconvex Anosov representation does not belong to the Hitchin component. On the other hand, it lifts to a representationρ : Γ → P + GL(V ). Indeed, keeping the notation used in the proof of Lemma 6.5, we can select a connected component U + of S(V ) \L. We then defineρ(γ) as the unique lift in P + GL(V ) of ρ(γ) preserving U + . It provides the required representationρ. The corollary then follows from § 2.6. 
Proof By the Jordan-Schönflies Theorem, there is a homeomorphism f of P (V ) mapping the simple closed curve L on the projective line L 0 . The circle bundle Π : X → P (V ) and pull-back bundle f * Π have the same Euler class; hence, f lifts to some homeomorphism F of X into itself, preserving the fibers of Π, and inducing f on P (V ). Then, F (T ) is the Klein bottle T 0 . The first part of the proposition follows. The complement W 0 of T 0 in P (V ) is a solid torus, and F (T * ) ∩ W 0 is an annulus. For a better visualisation, lift to the 4-sheeted covering X ⊂ S(V )×S(V * ): we are led to the well-known fact that the complement, in a compact solid torus with boundary W 0 , of a compact annulus with boundary topologically embedded admitting as boundary two disjoint essential curves of ∂ W 0 , is the union of two solid tori. Proof According to proposition 6.8, if Γ denote the fundamental group of M , we have an exact sequence:
where Z is the fundamental group of the solid torus Ω. Hence, M is sufficiently large (its first homology group is infinite), is RP 2 -irreducible (its universal covering is homeomorphic to R 3 ), and is homotopically equivalent to a circle bundle over Σ. The corollary follows from [20] . 6.5. Minimality of tautological foliations. Recall that a 1-dimensional foliation is minimal if all the leaves are dense. [1] proves that M is not all of Ω, and those of Lemma 5.8 of [1] show that if M were empty, then the second tautological foliation would be expansive: by [7] , it would be topologically conjugate to a finite covering of some geodesic flow. This leads to a contradiction, as in [1] .
The invariant Möbius bands
In this section, we consider a non hyperconvex Anosov flag representation ρ. The action of ρ(Γ) on Λ is conjugate to the usual projective action on RP Proof This is essentially the content of Lemma 4.17 of [1] , that we reproduce here: let Q be the complement of the diagonal in RP 1 × RP 1 (see § 2.4.2). The diagonal action of Γ on Q is ergodic for some Γ-invariant measure equivalent to the Lebesgue measure and preserved by the flip map (x, y) → (y, x) (for example, the projection on the orbit space of the geodesic flow of the Liouville measure). We say that a subset of Q is conull if the Lebesgue measure of its complement is zero. The crucial and classical observation is that this ergodicity property implies that there is no measurable equivariant map from Q into a topological space on which Γ acts freely and properly discontinuously.
Decompose σ :
Assume that the set of pairs (x, y) for which η(y) does not belong to η * (x) is conull. Then, its intersection with its image by the flip map is conull, and its intersection with all its Γ-iterates is too. Thus, there is a conull Γ-invariant subset E of Q of pairs (x, y) for which the projective lines η * (x) and η * (y) intersect at some point [u(x, y)] different from η(x) and η(y). We have then two cases: either almost every [u(x, y)] belongs to L, or almost all of them belong to P (V ) \ L. In the first case, (x, y) → (η
) is a Γ-equivariant map from E into the set of distinct triples of points of RP 1 . Since the action of Γ on this set of triples is free and properly discontinuous, we obtain a contradiction with the ergodic argument discussed above. In the second case, the map associating to a pair (x, y) the flag ([u(x, y)], η * (x)) is a Γ-equivariant map from E into Ω. We obtain once more a contradiction with the ergodic argument by Theorem 5.1.
Therefore, the measure of the set of pairs (x, y) for which the line η * (x) contains η(y) is conull. Then, by Fubini's Theorem, for almost every x in RP 1 and for almost all y in RP 1 , η(y) belongs to η * (x). For such a x, if there exists an element γ of Γ such that η * (x) = ρ * (γ)η * (x), then for almost every y, η(y) is the unique point of intersection [u 0 ] between η * (x) and ρ * (γ)η * (x). Hence, [u 0 ] must be a common fixed point of all ρ(Γ), but this is impossible since it belongs to L.
It follows that η * (x) = ρ * (γ)η * (x) for every γ: there is a ρ(Γ)-invariant projective line in P (V ). Hence, ρ is hyperbolic, and L is the projective line η * (x).
Of course, the similar lemma with A replaced by A * is true.
Corollary 7.2. If ρ is strongly irreducible, the maps η ± are not Lipschitz.
Proof Assume that η + is Lipschitz. Then, it is differentiable almost everywhere. Its differential defines a measurable map σ = (η, η * ) : RP 1 → X, where the first component η is η + , and the second component η * is the projective line tangent to the image of the differential of η + . According to Proposition 7.1, the second component
is an element of L * for almost every x. According to Corollary 3.12, we have η * (x) = η − (x). More precisely, it follows from this corollary 3.12 that L is locally strictly convex. We obtain a contradiction since ρ was assumed to be non-hyperconvex.
The same proof applies to η − . In this Appendix, we prove that canonical representations and their u-deformations are (G, Y )-Anosov. We first consider canonical representations. The proof of Theorem 2.11 we produce here is quite sophisticated, but it is a necessary preparation for the most delicate case of u-deformations.
Open questions

Canonical representations. Consider the following map
. It is a ρ 0 (Γ)-equivariant map, defining a section s of π ρ . Our task is to prove that s defines a (G, Y )-Anosov structure.
Consider f + = π + • f : it provides a section s + of π We first consider the first component [ρ 0 (h)e 1 ], which defines a section s + P of the flat P (V )-bundle associated to ρ 0 : this bundle π P : E ρ0 (P ) → M is defined in the same way as the bundles E ρ0 and E ρ0 (X); it also admits a horizontal flow Φ t P above Φ t . Define Ψ(h, (α, β)) = (h, [ρ 0 (h)e 1 + αρ 0 (h)e 2 + βρ 0 (h)e 3 ]). It is a Γ-equivariant map, when H × R 2 is equipped with the Γ-action γ(h, (α, β)) = (γh, (α, β)), and H × P (V ) is equipped with the action γ(h, Select any left invariant metric m on H. Equip R 2 with the euclidean norm dα 2 + dβ 2 . The image by Ψ of the product metric is a Γ-invariant metric: it provides a metric on the neighborhood W . Now, we simply observe that the flow Φ t P is expressed in the chartΨ by the simple expression: Φ t P (p, (α, β)) = (Φ t (p), (e t α, e 2t β))
It immediately follows that the image of s + P is a (exponentially) repellor of Φ t P . Similar reasoning on the second component [ρ * 0 (h)e * 3 ] of f + (h) shows that it provides a section of the flat P (V * )-bundle associated to ρ * 0 which is also a (exponentially) repellor of the corresponding horizontal flow.
Combining these two facts, we obtain that the image of s Exactly as we did for canonical representations, we study separately the two components E ρu (X). Each of them is then decomposed in bundles E ρu (P ), E ρu (P * ). At the end, we have to consider 4 sections of bundles over M by projective spaces, and we have to prove that the images of these sections are repellors or attractors of the associated horizontal flows.
We only discuss here the section of E ρu (P ) defined by h → [ρ 0 (e 1 )]. The other sections can be treated in a similar way left to the reader.
We consider once more the map Ψ(h, (α, β)) = (h, [ρ 0 (h)e 1 +αρ 0 (h)e 2 +βρ 0 (h)e 3 ]). The main difference with the canonical case is that the Γ-action on H × R 2 to be considered is: γ(h, (α, β)) = (γh, (e −u(γ) α, β)) (3)
The quotient of this action is then an R 2 -bundle E over M , and we have a fibered mapΨ : E → E ρu (P ). The image ofΨ is a neighborhood of the Φ t P -invariant section to be studied.
The key point is to define a metric on H × R 2 such that: -the Γ-action defined by (3) is isometric, -the null section h → (h, 0) is a repellor for the horizontal flow (h, (α, β)) → (ha t , (e t α, e 2t β)). Let Σ be the Riemannian surface Γ\H 2 . The cohomology class u ∈ H 1 (Γ, R) can be represented by a 1-form ω on Σ such that the integration of ω along any loop representing an element γ of Γ ≈ π 1 (Σ) is u(γ).
The quotient Γ\H is naturally identified with the unit tangent bundle of Σ: the orbit space of the left action of SO(2) on H is canonically identified with Σ. Denote by η : Γ\H → Γ\H/SO(2) the quotient map, and consider the 1-form we obtain that [K] is the limit of a sequence of attractive fixed points of elements of ρ(Γ). By corollary 3.14, [K] belongs to L, a contradiction. The proof is the same as for Fact 2, the arguments applied to g n above to the inverse sequence h * n = (g * n ) −1 .
Conclusion. By facts 2 and 2
′ , the invariant curves are projective lines. It follows that ρ is actually the u-deformation of a canonical Anosov representation: is a fuchsian morphism into SL(2, R), and u : Γ → R a morphism. According to Proposition 4.8, the stable norm of u satisfies |u| s < 1/2. Lemma 8.1 is then one of the intermediate results of [17] : indeed, let l(γ) be as in [17] the logarithm of the spectral radius of the diagonal matrix appearing in the Cartan decomposition of γ in SL(2, R). Then, the logarithms of the coefficients λ n , µ n and ν n are, modulo some common additive constant, the quantities u(γ n )+l(γ n ), u(γ n ) and u(γ n ) − l(γ n ). In the proof of Théorème 3.4 in [17] , it is shown that l(γ n ) − |u(γ n )| tends to +∞: it precisely meansμ = 0. Proof This is the dual version of Lemma 8.2: apply the reasoning above to the inverse sequence h n .
